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ESTIMATES OF AUTOMORPHIC CUSP FORMS OVER QUATERNION
ALGEBRAS
ANILATMAJA ARYASOMAYAJULA AND BASKAR BALASUBRAMANYAM
Abstract. In this article, using methods from geometric analysis and theory of heat kernels,
we derive qualitative estimates of automorphic cusp forms defined over quaternion algebras.
Using which, we prove an average version of the holomorphic QUE conjecture. We then derive
quantitative estimates of classical Hilbert modular cusp forms. This is a generalization of the
results from [3] and [9] to higher dimensions.
The Bergman kernel, which is the reproducing kernel for L2-holomorphic functions defined
on a domain in Cn has been extensively studied in complex analysis. The generalization of
the Bergman kernel to complex manifolds as the reproducing kernel for the space of global
holomorphic sections of a vector bundle carries the information on the algebraic and geometric
structures of the underlying manifolds.
Automorphic forms defined over quaternion algebras are global sections of a holomorphic vec-
tor bundle. In this article, we derive asymptotic estimates of the Bergman kernel associated
to cuspidal holomorphic vector-valued modular forms of large weight defined over quaternion
algebras. We prove an average version of the holomorphic QUE conjecture, when the associated
complex analytic space is compact. We also derive quantitative estimates of the Bergman kernel
associated to classical Hilbert modular cusp forms.
In the first half of this article, utilizing certain results from geometric analysis, we derive as-
ymptotic estimates of the Bergman kernel associated to automorphic cusp forms defined over
quaternion algebras. Using which, we prove an average version of the holomorphic QUE conjec-
ture.
Jorgenson and Kramer have derived optimal estimates of heat kernels defined over hyperbolic
Riemann surfaces of finite volume, and used the estimates to derive optimal estimates of the
Bergman kernel associated to cusp forms. In the second half of the article, we extend the heat
kernel estimates from [9] to the setting of Hilbert modular varieties, to derive quantitative esti-
mates of the Bergman kernel associated to classical Hilbert modular cusp forms. Our estimates
for the Bergman kernel are optimal, and complement the asymptotic estimates derived in the
first half of the article.
Some of the results of this article are known to experts, and the others are very much expected.
So this article serves also as a comprehensive collection of estimates for the Bergman kernel
associated to automorphic forms defined over quaternion algebras.
1. Introduction
In this section, we state and explain our main results, and also similar results from literature.
Before introducing our results, we first set up our notation.
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1.1. Automorphic cusp forms defined over a quaternion algebra. Let F be a totally
real number field of degree d. Let OF denote the ring of integers of F . Let B be a quaternion
algebra defined over F , and let S be the finite set of places of F , where B is ramified. Let
Σ denote the set of infinite places of F and let Σram denote the set of infinite places where B
is ramified. Let Σspl := Σ\Σram denote the infinite places where the quaternion algebra B is
unramified. We assume that r := |Σspl| 6= 0.
Let A denote the adele ring over Q, and let Af denote the finite part of the adeles. Let G
be the restriction of scalars from F to Q of the algebraic group associated to the units in B.
Let Z denote the center of G. Denote by G∞ = G(R), the real points of G. Similarly, let
Z∞ = Z(R). Let K∞ denote the maximal compact subgroup of G∞. For any open compact
subgroup U ⊂ G(Af ), the Shimura variety attached to B of level U is given by
ShU = Sh
G
U = G(Q)\G(A)/U(Z∞K∞)◦,
where ◦ denotes the connected component containing the identity element.
Let H denote the hyperbolic upper half-plane. The Shimura variety ShU admits the following
decomposition into connected components
ShU =
h⊔
i=1
Γi\Hr,(1)
where Γi are certain discrete subgroups of
∏
v∈Σspl
GL2(R)
+, and GL2(R)
+ denotes the matrices
with positive determinant. We take U sufficiently small so that the Shimura variety ShU has no
elliptic points. We refer the reader to section 3 for more details.
Let Γ be any of the Γi from equation (1), and let X denote the Shimura variety Γ\Hr. We
identify X locally with its universal cover Hr, since X has no elliptic points. Let µH denote the
hyperbolic metric on H, which for any z = x+ iy ∈ H is given by the following formula
µH(z) :=
i
2
· dz ∧ dz
y2
=
dx ∧ dy
y2
.
Then, for (z1, . . . zr) ∈ Hr, the hyperbolic metric on Hr is given by the following formula
µHr (z) =
r∑
i=1
µH(zi),(2)
which defines a Ka¨hler metric on the Shimura variety X, compatible with the complex structure
ofX. Let µvolHr denote the volume form associated to the hyperbolic metric µHr , and let volhyp(X)
denote the volume of X with respect to µvolHr . Let µ
vol
shyp denote the rescaled hyperbolic volume
form which gives X volume 1.
When B = M2(F ), the Shimura variety X = Γ\Hd is a noncompact complex Ka¨hler manifold
of finite hyperbolic volume volhyp(X) with cusps, and is otherwise a compact Ka¨hler manifold.
Let Sk,v(Γ) denote the complex vector space of automorphic cusp forms of weight-k with respect
to Γ, where k := (k spl, k ram) and k spl, k ram ∈ Zr>0,Zd−r>0 , respectively. The vector v ∈ Zd>0
depends on the vector k and a choice of parallel defect, and we refer the reader to section 3 for
further details regarding the definition of automorphic forms.
Remark 1.1. We only work with automorphic forms of weight-k = (k spl, k ram), where k spl is of
the form (k, . . . , k) ∈ Zr>0, and for the rest of the article we fix the vector k ram ∈ Zd−r>0 . When
X is noncompact, d = r and k = (k, . . . , k) ∈ Zd>0, i.e., we have no vector k ram. Even as the
weight-k varies, we will want it to satisfy a parity condition which is defined in section 3.
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For f ∈ Sk,v(Γ), the Petersson metric at the point z = (z1 = x1 + iy1, . . . , zr = xr + iyr) ∈ X is
given by
‖f‖2pet(z) :=
( r∏
i=1
yki
)(
f(z) · tf(z)).(3)
Let δk denote the dimension of the complex vector space Sk,v(Γ). Let {f1, . . . , fδk } denote
an orthonormal basis of Sk,v(Γ) with respect to the Petersson inner-product. For z ∈ X, the
Bergman kernel associated to the space Sk,v(Γ) is given by the following formula
Bk
X
(z) :=
δk∑
i=1
‖fi‖2pet(z).(4)
There exists a finite Galois cover π : X1 −→ X of X, where X1 := Γ1\Hr, and we refer the
reader to section 3 for further details regarding the group Γ1. Let [X1 : X] denote the degree of
the cover π : X1 −→ X.
Let Wk be the automorphic vector bundle of weight-k = (k, . . . , k, k ram) ∈ Zr≥2 × Zd−r≥2 . The
space of holomorphic global sections of the vector bundle Wk denoted by H0
(
X,Wk
)
is in fact
equal to Sk,v(Γ). For any k , let rank(Wk ) denote the rank of the vector bundle Wk . This rank
depends only on k ram and since we have fixed this quantity, the rank remains a constant in all
our considerations.
Let k◦ be the smallest positive integer such that the weight-k◦ := (k◦, . . . , k◦, k ram) ∈ Zr≥2×Zd−r≥2
satisfies the parity condition. The weights we are interested are of the form k = (k, . . . , k, k ram)
as k ∈ k◦Z>0 goes to infinity. With notation as above, let the quaternion algebra B be split
at all finite places of F , and let the vector kram be trivial. For k := (k1, . . . , kr) ∈ (2Z>0)r,
let Sk (Γ) denote the complex vector space of weight k - automorphic cusp forms, which are also
known as adelic Hilbert modular cusp forms. The automorphic cusp forms associated to the
finite subgroup Γ1 of Γ are the classical Hilbert modular cusp forms. In the case of classical
Hilbert modular cusp forms, we are not confined to parallel weights alone. We assume that Γ1
is one of the following two types:
Type (1): Let 1 ≤ r < d, which implies that Γ1 is a discrete, irreducible, cocompact subgroup of
PSL2(R)
r, and the Shimura variety X1 = Γ1\Hr is a compact complex manifold of dimension
r, and the hyperbolic metric µHr defines a Ka¨hler metric on X
1.
Type (2): Let the quaternion algebra be split everywhere, i.e., B = M2(F ), which implies
that Γ1 is a finite index subgroup of PSL2(OF ) without elliptic fixed points. This implies that
X1 = Γ1\Hd admits the structure of a noncompact complex manifold of dimension d with cusps.
The hyperbolic metric µHd , which is the natural metric on Hd defines a Ka¨hler metric on X1.
In both the above cases, we assume that Γ1 does not contain hyperbolic-elliptic elements. This
assumption is only to ensure the brevity of of exposition, and the cases of both elliptic elements
and hyperbolic-elliptic elements can be easily tackled.
As above, let volhyp(X
1) denote the volume of X1 with respect to the hyperbolic volume form
µvolHr(z). Let µ
vol
shyp(z) denote the rescaled hyperbolic metric µ
vol
Hr(z)/ volhyp(X
1), which gives X1
volume 1.
For k := (k1, . . . , kr) ∈ (2Z>0)r, let Sk (Γ1) denote the complex vector space of weight-k cusp
forms with respect to Γ1. The point-wise Petersson metric on Sk (Γ1) is as in equation (3). Let
δk denote the dimension of Sk (Γ1), and let {f1, . . . , fδk } denote an orthonormal basis of Sk (Γ1)
with respect to the Petersson inner-product. For any z = (x1 + iy1, . . . , xr + iyr) ∈ Hr, put
Bk
X1
(z) :=
δk∑
i=1
( r∏
j=1
y
kj
j |fi(z)|2
)
.(5)
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1.2. Statements of main results. To motivate our main results, we now recall relevant results
associated to Fuchsian subgroups of PSL2(R). For the rest of this section, let N ∈ Z>0 with N
square-free.
Let f be any Hecke-normalized newform of Γ0(N) with trivial nebentypus and of weight-2.
Then, in [4], Abbes and Ullmo proved the following estimate
sup
z∈H
y|f(z)| = Oε(N
1
2
+ε),(6)
for any ε > 0, and the implied constant depends on ε.
Using heat kernel techniques, in [13], Jorgenson, and Kramer have re-proved the result of Abbes
and Ullmo (i.e., estimate (6)). In [9], Friedman, Jorgenson and Kramer extended their method
from [13], to derive sup-norm bounds for Bk
XG
(z). Here, as in (4), Bk
XG
(z) is the Bergman kernel
associated to Sk(G), the space of weight-k cusp forms associated to G, where G is a cofinite
Fuchsian subgroup of PSL2(R), and k ∈ 2Z>0. When XG := G\H is a compact hyperbolic
Riemann surface, they proved the following estimate
sup
z∈XG
BkXG (z) = O(k);(7)
and when XG is a noncompact hyperbolic Riemann surface of finite volume, they proved the
following estimate
sup
z∈XG
BkXG (z) = O(k3/2),(8)
where the implied constants in both the above estimates are independent of X. The estimates
of Jorgenson and Kramer are optimal, as shown in [9].
For k ∈ R>0 with k > 2, Bergman kernel can be represented by an infinite series, which is
uniformly convergent in z ∈ X. Using which, Steiner has extended the bounds of Jorgenson
and Kramer to real weights. Let G be any subgroup of finite index in SL2(Z), let k ∈ R>0 with
k ≫ 1, and let ν denote the factor of automorphy of weight k with the associated character being
unitary. Furthermore, let A be a compact subset of XG , and let Bk,νXG (z) denote the Bergman
kernel associated to the complex vector space of weight-k cusp forms . Then, in [20], Steiner
has derived the following estimates
sup
z∈A
Bk,νXG (z) = OA(k),
where the implied constant depends on the compact subset A; and
sup
z∈XG
Bk,νXG (z) = OX
(
k3/2
)
,
where the implied constant depends on X.
In [3], using similar techniques as in this article, when XG is a compact hyperbolic Riemann
surface, for z ∈ XG , the first named author has shown that
lim
k→∞
1
k
BkXG (z) =
1
4π
;(9)
and when XG is a noncompact hyperbolic Riemann surface of finite volume, the first named
author has shown that
lim sup
k→∞
1
k
BkXG (z) ≤
1
4π
.(10)
Equation (10) complements estimate (8) in the sense that, when XG is noncompact, for a given
k ∈ Z>0, excepting for finitely many values of z ∈ XG , the function BkXG (z) satisfies the estimate
O(k). In fact, equations (9) and (10) have been extended to half-integral weights and for
nontrivial nebentypus in the same article.
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We now state our main results. We have three main results, one is regarding the asymptotic
estimates of automorphic cusp forms, and the second one is a proof of the average version of the
QUE conjecture. Lastly, the third main result is about the quantitative estimates of classical
Hilbert modular cusp forms.
We now state the first main result, which is proved as Theorem 4.1 and Corollary 4.3 in section
4.1.
Main theorem 1. Let the notation be as in section 1.1. If the Shimura variety X is compact,
for k ∈ k◦Z>0, k = (k, . . . , k, k ram) and z ∈ X, we have the following equality
lim
k→∞
1
kr
Bk
X
(z) =
[X1 : X]rank(Wk )
(4π)r
;
and when the Shimura variety X is noncompact, we have the following inequality
lim sup
k→∞
1
kd
Bk
X
(z) ≤ [X
1 : X]
(4π)d
.
Asymptotic estimates of Bergman kernels associated to holomorphic line bundles on compact
complex manifolds has been an object of extensive study over the years, and Tian, Demailly,
Zelditch, et al., have made stellar contributions to this theory. We have proved the above theorem
by specializing the results of Bouche and Berman to our setting, which are an extension of the
foundational work of Demailly and Zelditch.
Remark 1.2. The reason why we only work with parallel weights corresponding to the unram-
ified part of the weight is the following. Let us consider the situation of nonparallel weights, i.e.,
let kspl = (k, . . . , k, k1, . . . , ki), for some fixed vector (k1, . . . ki) ∈ Zi>0 and i > 0. Let BkX (z) be
the Bergman kernel associated to vector the space of automorphic cusp forms Sk ,v(Γ). Then,
from the proof of Main Theorem 1, for any z ∈ X, we can easily show that
lim
k→∞
1
kr
Bk
X
(z) = 0.
We now state the second main result of the article, which is an extension of the the estimates
from [9] to classical Hilbert modular cusp forms, and is proved as Theorems 4.5 and 4.8 in
section 4.2.
Main theorem 2. Let notation be as in section 1.1, and let the quaternion algebra be split at
all finite places of F . For any k = (k1, . . . , kr) ∈ (2Z>0)r and z ∈ X1, when Γ1 is of Type (1),
we have the following estimate
sup
z∈X1
Bk
X1
(z) = OX1
 r∏
j=1
kj
 ;(11)
and when Γ1 is Type (2), we have following estimate
sup
z∈X1
Bk
X1
(z) = OX1
(
d∏
j=1
k
3/2
j
)
,(12)
where the implied constants in both the above estimates are dependent on X1.
Remark 1.3. However the implied constants in both the above estimates remain stable in
covers of Hilbert modular varieties. Furthermore, when Γ1 is of Type (2), the implied constant
in estimate (12) is bounded by a constant which depends only on PSL2(OF ). Hence, the implied
constant in estimate (12) is a universal constant.
We now state the third main result of this article, which is proved as Corollary 4.2 in section
4.1.
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Main theorem 3. Let notation be as in section 1.1. With notation as above, let the Shimura
variety X be compact. Then, for k ∈ k◦Z>0, k = (k, . . . , k, k ram) and z ∈ X, we have
lim
k→∞
1
δk
Bk
X
(z)µvolHr (z) = µ
vol
shyp(z),(13)
and the convergence of the limit is uniform in z ∈ X.
This proves an average version of the holomorphic QUE conjecture for automorphic cusp forms
associated to quaternion algebras.
Remark 1.4. Adapting results from [8] (Theorem 1.1), it is easy to show that
1
δk
Bk
X
(z) = µvolshyp(z) +OX(k
−r),(14)
where the implied constant depends on the Shimura variety X. A careful analysis of the adaption
of Theorem 1.1 in [8] to our setting should enable one to prove that the implied constant in
equation (14) is independent of the Shimura variety X.
In [16], Liu has proved the above equidistribution result, for Hilbert modular cusp forms of even
weight associated to the full modular group SL2(OF ). Let X := SL2(OF )\Hd be the associated
Hilbert modular variety. Then, with notation as above, for any compact subset A ⊂ X, Liu has
proved that ∫
A
Bk
X
(z)µvolHd(z) =
∫
A
µvolshyp(z) +Oε,A(k
(−1+ε)d),(15)
for any 0 < ε < 1. Liu used an infinite series representation for the Bergman kernel associated
to the space of cusp forms. Using Liu’s technique, in [7], Codgell and Luo have extended the
above equidistribution result to Siegel modular cusp forms associated to Sp2n(Z).
In [3], the first named author has proved equation (13) for cusp forms associated to a cocompact
Fuchsian subgroup G of PSL2(R).
In [15], in a seminal work, Lindenstrauss has proved the AQUE conjecture for Ma¨ss forms
associated to division quaternion algebras. In [12], Holowinsky and Soundararajan have proved
the quantum unique ergodicity conjecture for Hecke eigenforms of even weight with respect to
SL2(Z). In [17], Marshall has extended methods of Holowinsky and Soundararajan to prove
QUE for Hecke eigenforms on GL2 over a totally real number field, and to automorphic forms
of cohomological type on GL2 over an arbitrary number field, which satisfy certain Ramanujan
bounds. The conjecture is still open, when the associated analytic space is compact.
Remark 1.5. Our methods are very analytic and also some what geometric, and easily extend
to automorphic cusp forms associated to irreducible lattices. However, we restrict ourselves to
arithmetic groups for the applications of our results to number theory.
Organization of the article. In the second section, we introduce technical results from
literature, which we later use in the fourth section. In section 2.1, we introduce Bergman
kernels associated to vector bundles defined over complex manifolds, and state the main results
regarding the estimates of Bergman kernels from [6] and [5], which are used in section 4.1. In
section 2.2, we introduce weight-k heat kernels associated to hyperbolic Riemann surfaces, and
state the estimates of weight-k heat kernels from [9]. We use these estimates in section 4.2
In the third section, we recall the basics of automorphic forms defined over quaternion algebras
in detail. In the fourth section, using results from section two, we derive both qualitative and
quantitative estimates of the Bergman kernel associated to automorphic forms. In section 4.1, we
derive qualitative estimates of the Bergman kernel associated to automorphic cusp forms defined
over quaternion algebras, and prove an average version of the holomorphic QUE conjecture. In
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section 4.2, we derive quantitative estimates of the Bergman kernel associated to classical Hilbert
modular cusp forms.
2. Bergman kernel on complex manifolds and Galois covers and heat kernel
estimates
In this section, we recall the main results from [6], [5], [18], and [13] which we use in section 4.1.
2.1. Bergman kernels on complex manifolds. Let M , M˜ be compact manifolds, with π :
M˜ −→ M being a finite Galois cover of M . Let E denote the group of deck transformations
for the the cover π : M˜ −→ M . Let W be a Hermitian vector bundle with a Hermitian metric
‖ · ‖W on M . Let {si} denote an orthonormal basis for the space of holomorphic global sections
H0(M,W). For z ∈ M , the following function is called the Bergman kernel associated to the
vector bundle W
BWM (z) :=
∑
i
‖si‖2W(z).(16)
The above definition is independent of the choice of orthonormal basis. There is a similar
definition of Bergman kernel for any holomorphic vector bundle on M˜ , in particular, for π∗W.
It is a natural question to ask if there is a relationship between the Bergman kernels BWM and
Bpi∗W
M˜
.
We can say something when W is of the following special form. Let G and J be a Hermitian
vector bundle and a Hermitian line bundle, respectively overM . For k ∈ Z>0, letWk := G⊗L⊗k.
We have the following asymptotic relation between the Bergman kernels (see [18, Th. 2]),
BWkM (π(z)) =
∑
γ∈E
Bpi∗Wk
M˜
(γz),(17)
for k ≫ 0. However, we require a slightly modified version of the above identity. Let {Wk}k∈Z>0
be a family of vector bundles defined over M , such that for each k ∈ Z>0, we have π∗Wk =
F ⊗ L⊗k on M˜ . In other words, it is sufficient to assume that the vector bundle decomposes
into a tensor product of above form only after pullback to M˜ . Let z ∈ M , and let z˜ ∈ π−1(z).
Then, from the proof of Theorem 2 in [18] on p.1336, where equation (17) is proved, it is clear
that for k ∈ Z>0 with k ≫ 0, we have
BWkM (z) =
∑
γ∈E
BF⊗L⊗k
M˜
(γz˜).(18)
We now recall some estimates on the growth of the Bergman kernel on M˜ . Let the Hermitian
metric on L be of the form ‖s(z)‖2L := e−φ(z)|s(z)|2, where s ∈ L is any section, and φ(z) is a
real-valued function defined on M˜ . Let
c1(L)(z) := i
2π
∂∂φ(z)(19)
denote the curvature form of the line bundle L at the point z ∈ M˜ . Let α1, . . . , αn denote the
eigenvalues of ∂∂φ(z) at the point z ∈ M˜ . Then, in Theorem 2.1 in [6], for z ∈ M˜ , Bouche
derived the following equality
lim
k→∞
1
kn
BF⊗L⊗k
M˜
(z) = rank(F) · detω
(
c1(L)(z)
)
,(20)
and the convergence of the above limit is uniform for z ∈ M˜ .
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When M˜ is a noncompact complex manifold, using micro-local analysis of the Bergman kernel,
in [5], for z ∈ M˜ , Berman derived the following inequality
lim sup
k→∞
1
kn
BL⊗k
M˜
(z) ≤ detω
(
c1(L)(z)
)
.(21)
2.2. Estimates of heat kernels on Hilbert modular varieties. Let the quaternion algebra
B be split at all finite places of F , which implies that Γ1 is a discrete and irreducible arithmetic
subgroup of PSL2(R)
r, as in section 1.1. Recall that the quotient space X1 = Γ1\Hr is a complex
manifold of finite hyperbolic volume. For any k := (k1, . . . , kr) ∈ (2Z>0)r and z = (z1, . . . , zr) ∈
Hr, let
∆
k
hyp :=
r∑
j=1
∆
kj
hyp,j , where ∆
kj
hyp,j := −y2j
(
∂2
∂x2j
+
∂2
∂y2j
)
+ 2ikjyj
∂
∂xj
,
denote the hyperbolic Laplacian of weight-k on Hr.
For any kj > 0 and zj , wj ∈ H, let KkjH (t; zj , wj) denote the hyperbolic heat kernel associated
to ∆
kj
hyp, the hyperbolic Laplacian of weight-kj on H. Then, for any k = (k1, . . . , kr) ∈ (2Z>0)r,
t ∈ R>0, and z = (z1, . . . , zr), w = (w1, . . . , wr) ∈ Hr, put
K
k
Hr(t; z, w) :=
r∏
j=1
K
kj
H (t; zj , wj),
which is the hyperbolic heat kernel of weight-k on Hr.
Now, for any k = (k1, . . . , kr) ∈ (2Z>0)r, t ∈ R>0, and z = (z1, . . . , zr), w = (w1, . . . , wr) ∈ X1
the hyperbolic heat kernel of weight-k associated to X1 is given by the following formula
K
k
X1
(t; z, w) :=
∑
γ=(γ1,...,γr)∈Γ1
r∏
j=1
(
cjwj + dj
cjwj + dj
)kj(
zj − γjwj
γjwj − zj
)kj
K
kj
H (t; zj , wj).
For any k = (k1, . . . , kr) ∈ (2Z>0)r, let Sk (Γ1) denote the complex vector space of weight-k
cusp forms. Recall that from section 1.1, for any z = (z1, . . . , zr) ∈ X1, the Bergman kernel
associated to the vector space Sk (Γ1) is denoted by BkX1(z), and is given by equation (5)
For any k = (k1, . . . , kr) ∈ (2Z>0)r, following the same arguments as in [9], we arrive at
Sk (Γ1) ⊆ Ker
(
∆
k
hyp −
r∑
j=1
kj(1− kj)
)
.
Furthermore, for any t ∈ R>0, we have the following inequality
Bk
X1
(z) ≤ lim
t→∞
e−
∑r
j=1 kj(kj−1)t ·Kk
X1
(t; z, z) ≤ Kk
X1
(t; z, z) ≤∑
γ=(γ1,...,γr)∈Γ1
r∏
j=1
K
kj
H (t; zj , γjzj).(22)
Now following the same arguments as in [9], namely, inequalities (11) and (13), for any k =
(k1, . . . , kr) ∈ (2Z>0)r, γ = (γ1, . . . , γr) ∈ Γ1, and z = (z1, . . . , zr) ∈ Hr, we have the following
inequality
K
kj
H (t; zj , γzj) ≤
k2j√
2π(kj + 1/2)
· 1
cosh2kj (ργj ,zj/2)
∫ ∞
ργj ,zj
re−r/2dr√
cosh(r)− cosh(ργj ,zj)
,(23)
where ργj ,zj := dH(zj , γjzj). Now, for any u ≥ 0, using the fact that
cosh2kj (u) ≥ cosh2(u) ≥ e
2u
4
,
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and combining it with inequality (23), we have
K
kj
H (t; zj , γjzj) ≤
2
√
2k2j · e−ργj ,zj
π(kj + 1/2)
·
∫ ∞
ργj ,zj
re−r/2dr√
cosh(r)− cosh(ργj ,zj)
.(24)
From inequality (2.5) in [1], we have the following inequality∫ ∞
ργj ,zj
re−r/2dr√
cosh(r)− cosh(ργj ,zj)
≤ 2
√
2e−ργj ,zj .(25)
Combining inequalities (24) and (25), we have the following inequality
K
kj
H (t; zj , γzj) ≤
8k2j · e−2ργj ,zj
π(kj + 1/2)
.(26)
Hence, combining inequalities (22) and (26), we arrive at the following inequality
Bk
X1
(z) ≤
∑
γ=(γ1,...,γr)∈Γ1
r∏
j=1
K
kj
H (t; zj , γjzj) ≤
∑
γ=(γ1,...,γr)∈Γ1
r∏
j=1
8k2j · e−2ργj ,zj
π(kj + 1/2)
.(27)
Finally, we now define injectivity radius of a Hilbert modular variety, and state an inequality
which will be very useful in section 4.2. When Γ1 is of Type (1), put
rX1 := inf{ργj ,zj
∣∣ 1 ≤ j ≤ r, z = (z1, . . . , zr) ∈ Hr, γ = (γ1, . . . , γr) ∈ Γ1 \ Id}.(28)
When Γ1 is of Type (2), let C denote the set of cusps of Γ1, and for any p ∈ C, let Γ1p denote the
stabilizer of the cusp p in Γ1 . Now put
rX1 := inf
{
ργj ,zj | 1 ≤ j ≤ d, z = (z1, . . . , zd) ∈ Hd, γ = (γ1, . . . , γd) ∈ Γ1 \
(∑
p∈C
Γ1p
)}
.(29)
We now state an adaptation of an inequality from [14] to our setting. For any positive, smooth,
real-valued, and decreasing function f defined on R≥0, and for any δ > rX1/2, we have the
following inequality∫ ∞
0
f(ρ)dNΓ(zj ; ρ) ≤
∫ δ
0
f(ρ)dNΓ(zj ; ρ) + f(δ)
sinh(rX1/2) sinh(δ)
sinh2(rX1/4))
+
1
2 sinh2(rX1/4)
∫ ∞
δ
f(ρ) sinh(ρ+ rX1/2)dρ,(30)
where
dNΓ(zj ; ρ) := card
{
γ| γ ∈ Γ1 \
(∑
p∈C
Γ1p
)
, ργj ,zj ≤ ρ
}
.
3. Cusp forms on quaternion algebras
Let F be a totally real field of degree d over Q. Let OF denote the ring of integers of F . Let
Σ = ΣF denote the set of infinite places of F .
We will first briefly recall some basic facts about quaternion algebras. See [22] for more details.
A quaternion algebra B over F is a central simple algebra of degree 4 over F . Let v be a
place of F , and B is said to be split or unramified at v if Bv := B ⊗F Fv is isomorphic to the
matrix algebra M2(Fv). If Bv is not isomorphic to the matrix algebra, B is ramified at v. Take
elements a, b ∈ F× and let B be the algebra generated by i, j and k satisfying i2 = a, j2 = b
and k = ij = −ji. This is a quaternion algebra and in fact any quaternion algebra can be
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constructed this way. A place v is unramified for B if and only if the local Hilbert symbol
(a, b)v = 1. Local global compatibility implies that the number of places where B is ramified is
a finite set with even number of elements.
Let S be a finite set of places of F such that |S| is even. Up to isomorphism, this set determines
uniquely a quaternion algebra B that is ramified at precisely the primes in S and unramified
outside. Let Σram := Σ ∩ S be the infinite primes where B is ramified and Σspl := Σ \ Σram
be the infinite places where B is unramified. For any finite place v of F , Bv = B ⊗F Fv is
a central simple algebra of degree 4 over Fv and there are only two possibilities, namely, the
algebra M2(Fv) or the algebra corresponding to 1/2 in the Brauer group Br(Fv) ∼= Q/Z. For
any v ∈ Σ, there are again only two possibilities for Bv = B ⊗F R, namely, M2(R) or the usual
Hamiltonian quaternions
H = {a+ bi+ cj + dk | a, b, c, d ∈ R,with i2 = j2 = k2 = ijk = −1}.(31)
By definition, Bv = M2(R) for v ∈ Σspl and Bv = H for v ∈ Σram. Let r := |Σspl| be the
number of unramified infinite places. When r = 0, the quaternion algebra is called definite. We
will assume throughout this article that this is not the case, i.e., r > 0. The reason for this
assumption is that the locally symmetric space we consider below will be a finite set of points
when B is definite and is not amenable to the analytic techniques we use later.
Let G be the restriction of scalars from F to Q of the algebraic group associated to the units in
B. Concretely, let A be any Q-algebra, then the A points of G are given by
G(A) = (B ⊗F (F ⊗Q A))×.
So G is an algebraic group defined over Q. Note that since it is possible to find a quadratic
extension K/F such that B⊗F K ∼=M2(K), the group G is in fact a twisted form of GL2. Let A
be the adele ring over Q and let Af denote the finite part of the adeles. Let G(A) be the adelic
points of G which is defined as
∏′G(Fv), where the restricted product is over G(OF,v) at all
the finite places v 6∈ S. Here OF,v is the valuation ring of Fv. Let G∞ = G(R) = (B ⊗F R)× =∏
v∈ΣB
×
v the infinite part of G. It follows that G∞ = (GL2(R))
r × (H×)d−r. Let K∞ be the
maximal compact subgroup of G∞. It is equal to (O2(R))
r× (H1)d−r, where H1 is the subgroup
of norm one elements in H. Let Z∞ be the center of G∞. For an open compact subgroup
U ⊂ G(Af ), the associated locally symmetric space that we are interested in is given by
ShU = Sh
G
U = G(Q)\G(A)/U(Z∞K∞)◦
where (Z∞K∞)
◦ is the connected component of Z∞K∞ containing the identity element. This is
the quaternionic Shimura variety attached to B of level U . When B =M2(F ), these are usually
referred to as Hilbert-Blumenthal varieties. The Hilbert-Blumenthal varieties are not compact
and can be compactified by adding finitely many cusps. Whenever B 6= M2(F ), the associated
Shimura variety is compact.
Let G1 ⊂ G be the algebraic group corresponding to the subgroup of norm 1 elements B1 ⊂ B×.
Similar to the construction above, we consider the Shimura variety associated to G1 of level
U1 = U ∩ G1(Af ) and this is denoted by Sh1. The natural inclusion G1 ⊂ G induces an open,
quasi-finite morphism Sh1U1 → ShU at the level of Shimura varieties.
Let G+∞ = (GL2(R)
+)r × (H×)d−r denote the subgroup of totally positive elements in G∞ and
K+∞ = G
+
∞ ∩ K∞. Let H be the upper half-plane and choose a base point z0 = (z01 , . . . , z0r )
in Hr. It is easy to check that G+∞/Z∞K+∞ ∼= Hr and the isomorphism is given by sending
g = (gspl, gram) 7→ gspl(z0). Here and elsewhere, gspl ∈ (GL2(R)+)r is the component at the split
places and gram ∈ (H×)d−r is the component at the ramified places. By strong approximation
theorem, we can find finitely many ti ∈ G(Af ) such that G(A) =
⊔h
i=1G(Q)tiUG
+
∞. The integer
h is the strict class number of F and is independent of B and U under our assumption that
ESTIMATES OF AUTOMORPHIC FORMS OVER QUATERNION ALGEBRAS 11
r > 0. This gives a decomposition of the Shimura variety into connected components,
ShU =
h⊔
i=1
Γi\Hr
by sending γtiug∞ 7→ (g∞)spl(z0) for γ ∈ G(Q), uf ∈ U and g∞ ∈ G+∞. Here the groups
Γi = Γi(U) = G(Q)
+ ∩ tiUG+∞t−1i , which are also viewed as discrete subgroups of (GL2(R)+)r
acting on Hr. Similarly, for the Shimura variety Sh1U1 , we have a decomposition,
Sh1U1 =
h⊔
i=1
Γ1i \Hr,
where Γ1i = Γi ∩ G1(Q). In fact, the projection map πi : Γ1i \Hr → Γi\Hr on the ith connected
component is a finite e´tale covering with Galois group Γi/Γ
1
i (F
×∩Γi). Note that all these Galois
groups are conjugate to each other.
A weight for G is an algebraic character on the maximal torus of G at infinity and we identify
this with an element k = (kσ) ∈ Z[Σ] = Zd. Let 1 = (1, . . . , 1) ∈ Z[Σ] and a weight is called
parallel if it is an integer multiple of 1. There is a partial ordering of the weights by formula
k ≥ k ′ if kσ ≥ k′σ for each σ ∈ Σ. We will assume that k ≥ 2. Fix a parallel defect of k , i.e.,
a 0 ≤ v ∈ Z[Σ] such that k +2 v . Note that the existence of the parallel defect v is equivalent
to saying that all the kσ have the same parity. This is what we call the parity condition on the
weights. Without this assumption, the space of weight-k cusp forms is zero.
For a weight k as above, we again break it up as (k spl, k ram), with k spl ∈ Z[Σspl] and k ram ∈
Z[Σram]. For z = (z1, . . . , zd) ∈ C× and weight k , we define zk =
∏d
i=1 z
ki
i .
We now define certain representations that are needed to define automorphic forms. The un-
derlying vector space of the representation L(k ram, v ram,C) is the complex vector space of poly-
nomials in 2(d − r) variables {Xσ , Yσ}σ∈Σram , which are homogeneous of degree kσ − 2 in the
variables Xσ, Yσ, for each σ ∈ Σram. This has dimension
∏
σ∈Σram
(kσ − 1) over C. Given
P ∈ L(k ram, v ram,C), there is a right action of (H×)d−r on P by viewing it as a subgroup of
GL2(C)
d−r. Using this, define an action of x = (xf , x∞) ∈ G(A) by
P |x = ν(x∞,ram)vramP |x∞,ram ,
where ν is the reduced norm map on the quaternions. This is the representation denoted by
L(kram, vram,C). We can also convert this to a left action by setting x · P = P |x−1 .
Our main references for definitions and basic properties of automorphic forms on G will be [19,
§1], [11, §2] and [21].
An automorphy factor is a function j : G+∞ ×Hr → (C×)r satisfying the cocycle condition
j(g1g2, z) = j(g1, g2(z))j(g2, z), ∀g1, g2 ∈ G+∞.
We are interested in the automorphy factor associated to the weight-k given by the formula
jk (g, z) =
∏
σ∈Σspl
(cσzσ + dσ)
kσ . A cusp form is a function f : G(A) → L(k ram, v ram,C) such
that
• f(γg) = f(g), for all γ ∈ G(Q),
• f |u = f , for all u ∈ UG+∞, where the slash operator is defined as
f |u(g) = jk (u∞, z0)−1ν(u∞)(v + k −1)spl [f(gu−1)|u∞ ].
Here ν is again the reduced norm on G∞.
• appropriate holomorphicity condition, see [11, 2.4b], and
• when B = M2(F ) a cuspidality condition and if F = Q, there is in addition a uniform
boundedness condition.
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Let Sk ,v (U,C) denote the complex vector space of all such forms. It is finite dimensional. Similar
to the decomposition of the Shimura variety into connected components, we can decompose the
space of adelic cusp forms into a direct sum of spaces of classical cusp forms on Hr. We describe
this process now. For any point z ∈ Hr, choose an element g∞ ∈ G+∞ such that g∞(z0) = z.
Then for any u ∈ G(Af ), define a function f : Hr → L(k ram, v ram,C) as
fu(z) = jk (g∞, z0)ν(g∞)
−(v + k −1)spl [f(ug∞)|u−1∞ ].
It can be verified that this function does not depend on the choice of g∞ made in the definition.
If we let φi = fti , it is easy to check that
• φi(γ(z)) = ν(γ)−(v + k −1)spljk (γ, z)[γ · f(z)] for all γ ∈ Γi(U).
• φi is holomorphic as a function of z, and
• appropriate cuspidality condition when B = M2(F ) and a boundedness at the cusps
condition for F = Q.
We let Sk ,v (Γi,C) denote the vector space of all functions that satisfy these conditions. Then
the map sending f 7→ (φ1, . . . , φh) defines an isomorphism
Sk ,v (U,C) ∼= ⊕hi=1Sk ,v (Γi(U),C)
between the two types of cusp forms.
Take Γ to be one of the Γi. Let φ, φ
′ ∈ Sk ,v (Γ,C) be two cusp forms. Then, the Petersson inner
product 〈φ, φ′〉 is given by the following formula
〈φ, φ′〉 =
∫
Γ\Hr
φ(z) · tφ′(z)Im(z)k µvolHr (z).
Finally extend this definition to adelic cusp forms as follows. If f ↔ (φ1, . . . , φh) and f ′ ↔
(φ′1, . . . , φ
′
h), then
〈f, f ′〉 = h−1
h∑
i=1
〈φi, φ′i〉.
Finally, we describe the connection between cusp forms and holomorphic sections of a Shimura
variety on a vector bundle. Let Wk ,v be the vector space given by C(k spl) ⊗ ν−(v + k −1)spl ⊗
L(k ram, v ram,C), where
- C(k spl) is the one dimensional representation of the torus (C
×)r with the action given
by (tσ) 7→
∏
σ∈Σspl
tkσσ , and
- the representation ν−(v + k −1)spl⊗L(k ram, v ram,C) of G∞, where GL2(R)r acts by a power
of the determinant ν and (H×)d−r acts on L(k ram, v ram,C) via the left action defined
earlier.
For Γ as above, by putting together the actions above gives a left action on the space Hr×Wk ,v
by the rule
γ · (z, x) = (γz, jk (γ, z) · ν−(v + k −1)spl · γram · x).
Let Wk =Wk ,v denote the vector bundle
Γ\Hr ×Wk ,v
p

Γ\Hr
induced by this action and let p denote the projection map. Note that matrices of the form(
ǫ 0
0 ǫ
)
∈ Γ, where ǫ is a unit in OF , act trivially on Hr. So the action of such elements
on Wk ,v should be trivial. In fact, the above scalar matrix acts on Wk ,v as multiplication by
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ǫkspl −2(v + k −1)spl−(k +2 v −2)ram = ǫ−(k +2 k −2); which is a power of Nm(ǫ). So we now assume
either that F× ∩ Γ consists only of totally positive units or that k +2 v −2 is an even multiple
of 1. In either of these cases, the action of these scalar matrices is trivial.
We can now identify the space of cusp forms with global sections via the isomorphism
Sk ,v(Γ,C) −→ H0(Γ\Hr,Wk ,v)
φ 7→ (s : z 7→ (z, φ(z))).
The decomposition of the vector space Wk ,v does not imply that the vector bundleWk ,v decom-
poses into a tensor product of a vector bundle and a line bundle. This is precisely because of the
presence of units in F×∩Γ as such elements do not act trivially on each of the components. We
need to pullback the vector bundle to the finite Galois cover Γ1\Hr considered earlier. When
the vector bundle Wk ,v is pulled back to this space, we get the vector bundle Γ1\Hr ×Wk ,v
where the action is just restriction from Γ to Γ1. Now when restricted to Γ1, the action simplifies
because the determinant terms vanish and since F× ∩ Γ1 = 1, there is indeed a tensor product
decomposition of π∗Wk = F ⊗L⊗ k into a vector bundle F and a power of a line bundle L. Note
that the vector bundle F depends only on k ram and the line bundle depends only on k spl and
neither of them is dependent on the choice of v .
4. Estimates of cusp forms
In this section, we prove all the three main theorems that we stated in section 1.2.
4.1. Asymptotic estimates of cusp forms. In this section, using the results from section
2.1, we derive asymptotic estimates of the Bergman kernel associated to automorphic cusp
forms defined over quaternion algebras, and prove an average version of the holomorphic QUE
conjecture.
As in the previous sections, let X = Γ\Hr denote a connected component of the Shimura variety
ShU and let X
1 = Γ1\Hr denote the finite Galois cover of degree [X1 : X] with Galois group
E. Let Wk ,v denote the vector bundle whose space of global sections is isomorphic to the space
of cusp forms of weight-(k , v). As mentioned earlier, we are interested in the pullback of Wk to
X1 and the pullback doesn’t depend on v , so we suppress this from the notation of the vector
bundle.
The Hermitian metric ‖ · ‖Wk on H0
(
X,Wk ) is the Petersson metric ‖ · ‖pet defined in equation
(3) on Sk ,v(Γ). Hence, from the definition of Bergman kernel BkX (z) associated to the vector
space Sk ,v(Γ), which is described in equation (4), we can conclude that
Bk
X
(z) = BWkX (z),(32)
where BWkX (z) is the Bergman kernel associated to the vector bundle Wk described in equation
(16).
The vector bundle π∗Wk◦ splits into F ⊗ L on X1, where L is a line bundle, and F is a vector
bundle. Furthermore, for any k = k◦N ∈ k◦Z>0, the vector bundle π∗Wk splits into F ⊗ L⊗N
on X1. As before, we let BF⊗L⊗N
X1
be the associated Bergman kernel for z ∈ X1.
Let H0
(
X1,F ⊗L⊗N) denote the space of holomorphic global sections of the line bundle L⊗N .
For any f ∈ H0(X1,F ⊗ L⊗N), as in equation (3), the metric ‖f‖2
F⊗L⊗N
at the point z =
(z1, . . . , zr) ∈ X1 is defined as
‖f‖2F⊗L⊗N(z) :=
( r∏
i=1
yki
)
(f(z) · tf(z)).(33)
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Let the Shimura variety X be compact. Let k = k◦N , and z ∈ X with z1 ∈ π−1(z). We now
apply equation (18) to the compact complex manifold X with the Hermitian vector bundleWk ,
and to the finite Galois cover π : X1 −→ X with the Hermitian vector bundle π∗Wk = F⊗L⊗N .
For N ≫ 0, we have
BWkX (z) =
∑
γ∈E
BF⊗L⊗N
X1
(γz1).(34)
Now suppose that X is non-compact. Then, the vector bundle F is trivial and Wk = L⊗N .
Let {f1, . . . , fδk } denote an orthonormal basis of H0
(
X,L⊗N) with respect to the natural
inner-product which induces the Hermitian metric ‖ · ‖L⊗N . Here δk denotes the dimension
of H0
(
X,L⊗N). Then, we can construct an orthonormal basis T for H0(X1,L⊗N), such that
the set {f1/
√
[X1 : X], . . . , fδk/
√
[X1 : X]} ⊂ T . So let
T :=
{
f11 :=
f1√
[X1 : X]
, . . . , f1δk :=
fδk√
[X1 : X]
, . . . , f1δ1
k
}
(35)
denote an orthonormal basis of H0
(
X1,L⊗N), where δ1k denotes the dimension of H0(X1,L⊗N ).
From the choice of the basis T described in (35), we find that
Bk
X
(z) ≤ [X1 : X]BL⊗NX1 (z1)(36)
for any z1 ∈ π−1(z).
Recall that the weights we consider are of the form k = (k . . . , k, k ram) ∈ Zr≥2×Zd−r≥2 for k = k◦N ,
and the weight-k continues to satisfy the parity condition.
Theorem 4.1. Let the notation be as above, and let X be a compact Shimura variety. Then for
z ∈ X, we have
lim
k→∞
1
kr
BkX(z) =
[X1 : X] · rank(F)
(4π)r
,
and the convergence of the above limit is uniform in z ∈ X.
Proof. For z ∈ X, let z1 ∈ π−1(z). For N ≫ 0, combining equations (32) and (34), we have
BkX(z) = B
Wk
X (z) =
∑
γ∈E
BF⊗L⊗N
X1
(γz1).(37)
Applying estimate (20) to the complex manifold X1 with its natural Hermitian metric µHr and
the vector bundle F ⊗ L⊗N , we deduce that
lim
k→∞
kr◦
kr
BF⊗L⊗N
X1
(z1) = rank(F) · detµHr
(
c1(L)(z1)
)
,(38)
and the convergence of the above limit is uniform in z1 ∈ X1. Now from the definition of
Petersson inner-product defined in (33), and from the definition of the curvature form described
in (19), for z1 = (z1 = x1 + iy1, . . . , zr = xr + yr) ∈ X1, we have
c1(L)(z1) = − i
2π
∂∂ log
( r∏
j=1
yk◦j
)
= − i
2π
r∑
j=1
∂∂ log
(
yk◦j
)
.(39)
For any 1 ≤ j ≤ r, we compute
i
2π
∂∂ log
(
yj
)
=
i
2π
∂∂ log
(
zj − zj
2i
)
= − i
2π
∂
(
dzj
zj − zj
)
=
i
2π
· dzj ∧ dzj(
zj − zj
)2 = − i8π · dzj ∧ dzjy2j = − 14π µH(zj).(40)
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Combining equations (39) and (40), we arrive at
c1(L)(z1) = k◦
(4π)
µHr (z
1) =⇒ detµHr
(
c1(L)(z1)
)
=
kr◦
(4π)r
.
Hence, for any γ ∈ E and z1 ∈ X1, combining the above equation with equation (38), we have
lim
k→∞
1
kr
BF⊗L⊗N
X1
(γz1) =
rank(F)
(4π)r
,
and the convergence of the above limit is uniform in z1 ∈ X1. Hence, combining above equation
with equation (37), we arrive
lim
k→∞
1
kr
BkX(z) = limk→∞
1
kr
∑
γ∈E
BF⊗L⊗N
X1
(γz1) =
∑
γ∈E
lim
k→∞
1
kr
BF⊗L⊗N
X1
(γz1) =
[X1 : X] · rank(F)
(4π)r
,
and the convergence of the above limit is uniform in z ∈ X. This completes the proof of the
theorem. 
Corollary 4.2. Keeping the same notation as above, we have
lim
k→∞
1
δk
BkX(z)µvolHr (z) = µvolshyp(z),
and the convergence of the above limit is uniform in z ∈ X.
Proof. From Theorem 4.1, for k = k◦N with N ≫ 0, and z ∈ X, we have
BkX(z) = C · kr + o(kr),(41)
where C := [X
1:X]rank(F)
(4pi)r . This implies that for k = k◦N with N ≫ 0, we have
δk =
∫
X
BkX(z)µvolHr (z) = C · volhyp(X) · kr + o(kr).(42)
Combining equations (41) and (42), for z ∈ X, we compute
lim
k→∞
1
δk
BkX(z)µvolHr (z) =
1
volhyp(X)
µvolHr (z) = µ
vol
shyp(z),
and the convergence of the limit is uniform in z ∈ X. This completes the proof of the corollary.

Corollary 4.3. Let the notation be as above, and let X be a noncompact Shimura variety. Then,
for any k ∈ k◦Z>0 and z ∈ X, we have
lim sup
k→∞
1
kd
BkX(z) ≤
[X1 : X]
(4π)d
.
Proof. For any k = k◦N ∈ k◦Z>0 and z ∈ X, from arguments similar to the ones used in the
proof of Theorem 4.1, and from equation (21), for z1 ∈ X1, we have
BL⊗NX1 (z1) ≤
1
(4π)d
.(43)
Combining the above inequality with inequality (36) completes the proof of the corollary. 
Corollary 4.4. Let the notation be as above, and let X be a noncompact Shimura variety. Let
A be a compact subset of X. Then, for k ∈ k◦Z>0 and z ∈ X, we have the following estimate
lim
k→∞
1
kd
BkX(z) = OA(1),
where the implied constant depends on A.
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Proof. From Corollary 4.2, for k ∈ k◦Z>0 and z ∈ X, we have
lim sup
k→∞
1
kd
BkX(z) ≤
1
(4π)d
.
As A ⊂ X is compact, we can find a constant C (which depends on A and is independent of k)
such that
lim
k→∞
1
kd
BkX(z) ≤ C,
which completes the proof of the corollary. 
4.2. Quantitative estimates of Hilbert modular cusp forms. In this section, we derive
quantitative estimates of the Bergman kernel associated to classical Hilbert modular cusp forms,
following the heat kernel technique from [9]. For the rest of the article, we assume that the
quaternion algebra B is split at all finite places of F .
Theorem 4.5. Let the notation be as above, and let Γ1 be of Type (1). Then, for any k =
(k1, . . . , kr) ∈ (2Zr>0), we have the following estimate
sup
z∈X1
Bk
X1
(z) ≤
(
36 +
1
sinh2(rX1/4)
)r
·
r∏
j=1
kj = OX1
(
r∏
j=1
kj
)
.
Proof. Using inequality (27) from section 2.2, for any z = (z1, . . . , zr) ∈ X1, we find
Bk
X1
(z) ≤
∑
γ=(γ1,...,γr)∈Γ1
r∏
j=1
8k2j · e−2ργj ,zj
π(kj + 1/2)
≤
∑
γ=(γ1,...,γr)∈Γ1
r∏
j=1
4kj · e−2ργj ,zj(44)
≤
r∏
j=1
4kj ·
∑
γ=(γ1,...,γr)∈Γ1
e−2ργj ,zj .
For any 1 ≤ j ≤ r, observe that the function e−2ργj ,zj is a smooth, positive, real-valued, and
decreasing function on R>0. For any 1 ≤ j ≤ r, observe that∑
γ=(γ1,...,γr)∈Γ1
e−2ργj ,zj ≤
∫ ∞
0
e−2ρdNΓ(zj ; ρ).
As the function e−2ρ is a monotonically decreasing function for ρ ∈ R≥0, for any 1 ≤ j ≤ r,
using inequality (30), we derive
(45)
∑
γ=(γ1,...,γr)∈Γ1
e−2ργj ,zj ≤
∫ 3r
X1
/4
0
e−2ρdNΓ(zj ; ρ) +
e−3rX1/2 sinh(rX1/2) sinh(3rX1/4)
sinh2(rX1/4)
+
1
2 sinh2(rX1/4)
∫ ∞
3r
X1
/4
e−2ρ sinh
(
ρ+ rX1/2
)
dρ.
Express the three terms in the RHS of the above inequality as T1+T2+T3. From the definition
of the injectivity radius rX1 in (28), we have
T1 = 1.(46)
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Using the fact that sinh(u) is a monotone increasing function, and the inequality cosh(u) ≤ eu
holds for all u ≥ 0, we have
T2 ≤ e
−3r
X1
/2 sinh(rX1/2) sinh(rX1)
sinh2(rX1/4)
= 8e−3rX1/2 cosh2(rX1/4) cosh(rX1/2)(47)
≤ 8e−3rX1/2erX1 ≤ 8.
Using the fact that sinh(u) ≤ eu/2 for all u ≥ 0, we derive the estimate
T3 ≤ e
r
X1
/2
4 sinh2(rX1/4)
∫ ∞
3r
X1
/4
e−ρdρ =
e−rX1/4
4 sinh2(rX1/4)
≤ 1
4 sinh2(rX1/4)
.(48)
For any 1 ≤ j ≤ d, combining inequalities (45), (46), (47), and (48), we arrive at the following
estimate
∑
γ∈Γ1
e−2ργj ,zj ≤
(
9 +
1
4 sinh2(rX1/4)
)
.(49)
Combining estimates (44) and (49) completes the proof of the theorem. 
Remark 4.6. The estimate that we derived for BkX1(z) in Theorem 4.5 depends only on the
injectivity radius rX1 , which is bounded from below, as X
1 is compact. Furthermore, following
similar arguments as in [2] (Lemma 6.4 in section 6), it is easy to see that the lower bound for
rX1 remains stable in covers, which implies that our estimate for BkX1(z) is stable in covers of
compact Hilbert modular varieties.
Let Γ1 be of Type (2), i.e., Γ1 is a finite index subgroup of PSL2(OF ) without elliptic fixed points.
Recall that we assume that Γ has no hyperbolic-elliptic elements. Both these two assumptions
are only to ease the notation, and the case when Γ1 admits both elliptic and hyperbolic-elliptic
elements can be easily tackled.
Furthermore, without loss of generality, let us assume that ∞ := (∞, . . . ,∞) is the only cusp of
Γ1 with stabilizer Γ1∞. This assumption is only to ease the notational complexity in the proofs
of the next two results.
Put Γ10 := PSL2(OF ), and let Γ10,∞ denote the stabilizer of the cusp ∞ in Γ10. Let {σ1, . . . σd}
denote the set of embeddings of the number field F in R. So, we have
Γ1∞ ⊂ Γ10,∞ ={(
ε1 α1
0 ε−11
)
, . . . ,
(
εd αd
0 ε−1d
)∣∣∣ ε ∈ O×F , σj(ε) = εj ; α ∈ OF , σj(α) = αj ; 1 ≤ j ≤ d
}
.
The following computation is useful in proving estimate (12).
Lemma 4.7. With notation as above, for a fixed k = (k1, . . . , kd) ∈ (2Zd>0), a fixed ε ∈ O×F ,
and a fixed z = (z1 = x1 + iy1, . . . , zd = xd + iyd) ∈ Hd, we have the following estimate
∑
α∈OF
d∏
j=1
(
4ε2jy
2
j
)kj((
(1− ε2j )xj − εjαj
)2
+
(
1 + ε2j
)2
y2j
)kj ≤ d∏
j=1
Γ(kj − 1/2)
Γ(kj)
·
(
εj
)2kj−1yj(
(1 + ε2j )/2
)2kj−1 .(50)
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Proof. For a fixed, fixed ε ∈ O×F , and a fixed z = (z1 = x1 + iy1, . . . , zd = xd + iyd) ∈ Hd, using
the fact that OF is isomorphic to Zd as a lattice, we compute∑
α∈OF
d∏
j=1
(
4ε2jy
2
j
)kj((
(1− ε2j )xj − εjαj
)2
+
(
1 + ε2j
)2
y2j
)kj
=
∑
α′∈ 1
2
OF
d∏
j=1
(
εjyj
)2kj((
(1−ε2j )xj
2 − εjα′
)2
+
(1+ε2j )
2y2j
4
)kj
≤
d∏
j=1
∑
α′∈ 1
2
OF
(
εjyj
)2kjdα′j((
(1−ε2j )xj
2 − εjα′j
)2
+
(1+ε2j )
2y2j
4
)kj
≤
d∏
j=1
∫ ∞
−∞
(
εjyj
)2kjdα′j((
(1−ε2j )xj
2 − εjα′j
)2
+
(1+ε2j )
2y2j
4
)kj .(51)
For any 1 ≤ j ≤ d, put
Ij :=
∫ ∞
−∞
(
εjyj
)2kjdα′j((
(1−ε2j )xj
2 − εjα′j
)2
+
(1+ε2j )
2y2j
4
)kj .
Substituting
Θj =
(1− ε2j )xj
2
− εjα′j =⇒ dΘj = −εjdα′j ,
we find that
Ij = 2
∫ ∞
0
(
εj
)2kj−1(yj)2kjdΘj(
Θ2j +
(1+ε2j )
2y2j
4
)kj .
Now put
βj =
2Θj(
1 + ε2j
)
yj
=⇒ dΘj =
(
1 + ε2j
)
yj
2
dβj .
So, we arrive at
Ij ≤
(
εj
)2kj−1yj(
(1 + ε2j )/2
)2kj−1
∫ ∞
0
dβj(
β2j + 1
)kj .
Now from formula 3.251.2 from [10], we have∫ ∞
0
dβj(
β2j + 1
)kj =
√
πΓ(kj − 1/2)
2Γ(kj)
≤ Γ(kj − 1/2)
Γ(kj)
,
using which, we can conclude that
Ij ≤ Γ(kj − 1/2)
Γ(kj)
·
(
εj
)2kj−1yj(
(1 + ε2j )/2
)2kj−1 .(52)
Combining the inequalities (51) and (52) completes the proof of the lemma. 
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Theorem 4.8. Let the notation be as above, and let Γ1 be of Type (2). Then, for any k =
(k1, . . . , kd) ∈ (2Zd>0), we have the following estimate
sup
z∈X1
Bk
X1
(z) = OX1
(
d∏
j=1
k
3/2
j
)
.(53)
Proof. For any k = (k1, . . . , kd) ∈ (2Zd>0) and z = (z1, . . . , zd) ∈ X1, from inequality (22) from
section 2.2, we have
(54) Bk
X1
(z) ≤
∑
γ=(γ1,...,γd)∈Γ1
d∏
j=1
K
kj
H (t; zj , γjzj)
=
∑
γ=(γ1,...,γd)∈Γ1\Γ1∞
d∏
j=1
K
kj
H (t; zj , γjzj) +
∑
γ=(γ1,...,γd)∈Γ1∞
d∏
j=1
K
kj
H (t; zj , γjzj).
Following similar arguments that went into the proof of Theorem 4.5, we have the following
estimate for the first term on the right-hand side of the above equality∑
γ=(γ1,...,γd)∈Γ1\Γ1∞
d∏
j=1
K
kj
H (t; zj , γjzj) =
(
36 +
1
sinh2(rX1/4)
)d
·
d∏
j=1
kj = OX1
( d∏
j=1
kj
)
,(55)
where rX1 is as defined in equation (29).
From inequality (2.5) of [1], for any 1 ≤ j ≤ d, we have the following estimate
K
kj
H (t; zj , γjzj) ≤
2k2j
π(kj + 1/2)
· e
−ργj ,zj
cosh2kj (ργj ,zj/2)
,
using which, we get
(56)
∑
γ=(γ1,...,γd)∈Γ1∞
d∏
j=1
K
kj
H (t; zj , γjzj) ≤
∑
γ=(γ1,...,γd)∈Γ1∞
d∏
j=1
2k2j
π(kj + 1/2)
· e
−ργj ,zj
cosh2kj (ργj ,zj/2)
=
( d∏
j=1
2k2j
π(kj + 1/2)
)
·
∑
γ=(γ1,...,γd)∈Γ1∞
d∏
j=1
e−ργj ,zj
cosh2kj(ργj ,zj/2)
.
Recall that any γ ∈ Γ1∞ is of the form
γ =
(
ε α
0 ε−1
)
∈ Γ1∞, α ∈ OF , and ε ∈ O×F ,
which implies that for z ∈ X1 and 1 ≤ j ≤ d, we have
γjzj = ε
2
jzj + εjαj .
For any z, w ∈ H, using the formula
cosh2
(
dH(z, w)/2
)
=
∣∣z − w∣∣2
4Im(z)Im(w)
+ 1,
for any 1 ≤ j ≤ d and z = (z1, . . . , zd) ∈ X1, we compute,
cosh2(ργj ,zj/2) = cosh
2
(
dH(zj , γjzj)/2
)
=
∣∣zj − γjzj∣∣2
4Im(zj)Im(γjzj)
+ 1
=
(
(1− ε2j )xj − εjαj
)2
+ (1 + ε2j )
2y2j
4ε2jy
2
j
.
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Using the above equation, and the fact that for all 1 ≤ j ≤ d, we have e−ργj ,zj ≤ 1. So using
Lemma 4.7, we arrive at the following inequality∑
γ=(γ1,...,γd)∈Γ1∞
d∏
j=1
e−ργj ,zj
cosh2kj (ργj ,zj/2)
≤
∑
ε∈O×
F
∑
α∈OF
d∏
j=1
(
4ε2jy
2
j
)kj((
(1− ε2j )2 − εjαj
)2
+
(
1 + ε2j
)2
y2j
)kj
≤
( d∏
j=1
Γ(kj − 1/2)
Γ(kj)
)
·
∑
ε∈O×
K
d∏
j=1
(
εj
)2kj−1yj(
(1 + ε2j )/2
)2kj−1 .(57)
Now for any 1 ≤ j ≤ d, using the simple fact
2
1 + ε2j
≤ 1
εj
and
d∏
j=1
εj = ±1,
and the fact that the group of units O×F is a sub-lattice of Zd, we derive∑
ε∈O×
F
d∏
j=1
∣∣∣∣∣
(
εj
)2kj−1yj(
(1 + ε2j )/2
)2kj−1
∣∣∣∣∣ ≤ ∑
ε∈O×
F
d∏
j=1
∣∣∣∣∣
(
εj
)2kj−1
(εj)2kj−2
∣∣∣∣∣ · yj((1 + ε2j)/2) =
∑
ε∈O×
F
d∏
j=1
2yj(
1 + ε2j
)
≤
d∏
j=1
∑
ε∈O×
F
2yj(
1 + ε2j
) ≤ d∏
j=1
∫ ∞
−∞
2yjdεj(
1 + ε2j
) = d∏
j=1
2πyj .(58)
Combining inequalities (56), (57), and (58), we arrive at the following inequality∑
γ=(γ1,...,γd)∈Γ1∞
d∏
j=1
K
kj
H (t; zj , γjzj) ≤
d∏
j=1
(
4yj · Γ(kj − 1/2)
Γ(kj)
· k
2
j
(kj + 1/2)
)
.
Now adapting the same arguments as in p. 12 in section 5 of [9], for any 1 ≤ j ≤ d, we get
yj · Γ(kj − 1/2)
Γ(kj)
= O(
√
kj),
which implies that∑
γ=(γ1,...,γd)∈Γ1∞
d∏
j=1
K
kj
H (t; zj , γjzj) ≤
d∏
j=1
(
4yj · Γ(kj − 1/2)
Γ(kj)
· k
2
j
(kj + 1/2)
)
= O
( d∏
j=1
k
3/2
j
)
.(59)
The proof of the theorem follows by combining the estimates (55) and (59). 
Remark 4.9. The estimate that we derived for Bk
X1
(z) in Theorem 4.8 depends only the injec-
tivity radius rX1 , which is bounded from below by the injectivity radius of X0 = PSL2(OF )\Hd.
This implies that
sup
z∈X1
Bk
X1
(z) = O
(
d∏
j=1
k
3/2
j
)
,
i.e., the implied constant in the estimate on the right hand side of equation (53) is a universal
constant depending only on the number field F .
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